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COHOMOLOGY OF DOMINATED DIFFEOMORPHISM-VALUED
COCYCLES OVER HYPERBOLIC SYSTEMS
LUCAS H. BACKES AND ALEJANDRO KOCSARD
Abstract. We prove a rigidity theorem for dominated Hölder cocycles with
values on diffeomorphism groups of a compact manifold over hyperbolic home-
omorphisms. More precisely, we show that if two such cocycles have equal
periodic data, then they are cohomologous.
1. Introduction
Given a homeomorphism f : M ý and a topological group G, a G-cocycle over
f is a continuous map α : ZˆM Ñ G satisfying
(1) αpm`nqpxq “ αpmq
`
fnpxq
˘
αpnqpxq, @m,n P Z, @x PM.
Two cocycles α and β over f are said to be cohomologous whenever there exists
a continuous map P : M Ñ G, usually called transfer map, such that
αpnqpxq “ P
`
fnpxq
˘
βpnqpxqP pxq´1, @n P Z,@x PM.
As it can be easily verified, the cohomology relation is an equivalence one over the
space of (continuous) cocycles.
In the particular case that β is the constant function equal to eG (where eG
denotes the identity element of G), we say that α is a coboundary.
Many important questions in dynamical systems can be reduced to the problem
of determine whether certain cocycles are cohomologous. So, it is not surprising
that this equivalence relation has been extensively studied in last decades (see for
instance [Kat01] for a survey).
As it had been already noticed in [Koc13], in general the C0-category is not
the right one to study cohomology of dynamical systems, and depending on the
dynamical properties of the system, different degrees of regularity are required to
guaranty a rather reasonable description of cohomology classes.
When f is a hyperbolic homeomorphism (see § 2 for precise definitions), it seems
like Hölder-regularity (for cocycles) is enough to study its cohomology. In fact,
the seminal works of Livšic [Liv71, Liv72] claim that, when G admits a compati-
ble bi-invariant complete distance, the periodic data of f completely characterizes
Hölder-continuous G-coboundaries. More precisely, a Hölder G-cocycle α over f is
a coboundary if and only if
αpnqppq “ eG, @p P Fixpf
nq.
This result has been considerably extended to more general groups and to higher
regularity by several different authors [dlLMM86, NT96, NP01, dlLW10, Kal11,
KP14], and such results are usually called Livšic type theorems (see also [KN11]
and references therein).
More generally, inspired by this results, it would be natural to ask whether two
Hölder G-cocycles α and β over a hyperbolic system f satisfying the so called
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periodic orbit condition, POC for short,
(POC) αpnqppq “ βpnqppq, @n P Z, @p P Fixpfnq,
are indeed cohomologous.
When G is an Abelian group, the space of G-cocycles is naturally an Abelian
group itself, and coboundaries form a subgroup. Hence, under the hypothesis of
commutativity, since it can be easily verified that two cocycles are cohomologous
if and only if their difference is a coboundary, the problems of characterization of
coboundaries and cohomology classes are completely analogous.
However, when G is non-Abelian, the second problem is much more complicated
than the first one.
In the present paper we study the characterization of cohomology classes for co-
cycles with values in the group G “ DiffrpNq (i.e. the group of Cr-diffeomorphisms
of a compact manifold N) and satisfying a domination condition. The domination
condition is used to construct invariant holonomies which plays a key role in our
arguments.
This generalizes the previous result independently obtained by the first au-
thor [Bac13] and Sadovskaya [Sad13] for linear cocycles (i.e. where G “ GLdpRq)
satisfying a fiber bunching condition. Similar results have been previously gotten by
Parry [Par99], for cocycles adimiting a bi-invariant distance, a by Schmidt [Sch99]
for cocycles satisfying a “bounded distortion condition”, which is much stronger
than our domination assumption.
These paper is organized as follows: in section 1.1 we present the precise state-
ment of the main result. In section 2 we give some definitions and preelimiarie
results. Section 2.3 is devoted to describe a distance in DiffrpNq and some aux-
iliary results. In section 3 we build the main tool used in our proof: invariant
holonomies. In sections 4 and 5 we construct, in some sense, explicitly the transfer
map while section 6 is devoted to improve the regularity of these transfer map.
1.1. Main results. The main result of this work is the following one (see § 2 for
precise definitions):
Theorem 1.1. Let f : M ý be a Lipschitz continuous transitive hyperbolic home-
omorphism on a compact metric space pM,dq, N a compact smooth manifold and
α, β : ZˆM Ñ DiffrpNq two p2r´1q-dominated ν-Hölder cocycles over f satisfying
the periodic data condition:
(2) αpnqppq “ βpnqppq, @n P Z, @p P Fixpfnq.
Then, there exists a ν-Hölder continuous map P : M Ñ Diffr´4pNq such that
(3) αpnqpxq “ P
`
fnpxq
˘
˝ βpnqpxq ˝ P pxq´1, @x PM, @n P Z.
Moreover, P pMq Ă Diffr´1pNq and if f is a Cr´1 Anosov diffeomorphism and the
cocycles α and β are Cr´1 then P is Cr´1´ε for any small ε ą 0.
At this point we would like to remark that by P : M Ñ Diffr´4pNq being a
ν-Hölder continuous map we mean that P is ν-Hölder with respect to the distance
function dr´4 given by (4) and the cocycle α : ZˆM Ñ Diff
rpNq to be Cr´1 means
that the induced map αp1q : M ˆN Ñ N is Cr´1.
The strategy of proving this Theorem is closely related to the proof of an anal-
ogous rigidity theorem for linear cocycles, proved by the first author in [Bac13].
However, here we have additional difficulties due to the fact that the group of
diffeomorphisms is infinite-dimensional.
The p2r´1q-domination condition is used to guarantee the existence of invariant
holonomies with good regularity. Using this invariant holonomies we “explicitly”
construct the transfer map on a dense subset where we prove it is ν-Hölder. The
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last step consists in extending P to the whole space M and to prove that it has, at
least in some cases, a better regularity.
As a consequence of our methods we also obtain the following
Theorem 1.2. Let M , N and f be as in Theorem 1.1 and α, β : ZˆM Ñ DiffrpNq
be two p2r ´ 1q-dominated ν-Hölder cocycles over f . Let us assume there exists
P : M Ñ Diff1pNq ν-Hölder such that
αp1qpxq “ P pfpxqq ˝ βp1qpxq ˝ P pxq´1, @x PM,
and assume also that there exists x0 P M such that P px0q P Diff
r´1pNq. Then,
P pMq Ă Diffr´1pNq. Moreover, if f is a Cr´1 Anosov diffeomorphism and the
cocycles α and β are Cr´1, then P is Cr´1´ε, for any ε ą 0.
2. Preeliminaries and notations
2.1. Hyperbolic homeomorphisms. Let pM,dq be a compact metric space and
f : M ý be a homeomorphism. Given any x PM and ε ą 0, define the local stable
and unstable sets by
W sε px, fq :“ ty PM : dpf
npxq, fnpyqq ď ε, @n ě 0u ,
Wuε px, fq :“ ty PM : dpf
npxq, fnpyqq ď ε, @n ď 0u ,
respectively. Where there is no risk of ambiguity, we just write W sε pxq instead of
W sε px, fq, and the same holds for the local unstable set.
Following [AV10], we introduce the following
Definition 2.1. A homeomorphism f : M ý is said to be hyperbolic with lo-
cal product structure (or just hyperbolic for short) whenever there exist constants
C1, ε, τ ą 0 and λ P p0, 1q such that the following conditions are satisfied:
(h1) dpfnpy1q, f
npy2qq ď C1λ
ndpy1, y2q, @x PM , @y1, y2 PW
s
ε pxq, @n ě 0;
(h2) dpf´npy1q, f
´npy2qq ď C1λ
ndpy1, y2q, @x PM , @y1, y2 PW
u
ε pxq, @n ě 0;
(h3) If dpx, yq ď τ , then W sε pxq and W
u
ε pyq intersect in a unique point which is
denoted by rx, ys and depends continuously on x and y.
For such homeomorphisms, one can define the stable and unstable sets by
W spx, fq :“
ď
ně0
f´n
`
W sε pf
npxqq
˘
and Wupx, fq :“
ď
ně0
fn
`
Wuε pf
´npxqq
˘
,
respectively.
Notice that shifts of finite type and basic pieces of Axiom A diffeomorphisms are
particular examples of hyperbolic homeomorphisms with local product structure
(see for instance [Mañ87, Chapter IV, § 9] for details).
2.2. Cocycles and cohomology. Given any homeomorphism f : M ý and a
topological group G, a G-cocycle over f is a continuous map α : Z ˆM Ñ G such
that
αpm`nqpxq “ αpmq
`
fnpxq
˘
αpnqpxq, @m,n P Z, @x PM.
On the other hand, if H another topological group such that G Ă H just as
groups (i.e. their topologies are not necessarily related), then two G-cocycles α and
β over f are said to be H-cohomologous whenever there exists a continuous map
P : M Ñ H such that
αpnqpxq “ P
`
fnpxq
˘
βpnqpxqP pxq´1, @n P Z, @x PM.
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2.3. Diffeomorphism groups and their topologies. In this subsection we recall
some concepts about Cr-topologies on groups of diffeomorphisms and to do that,
we mainly follow [dlLW10, §5.2]. From now on, N will denote a compact smooth
Riemannian manifold. We write DiffrpNq for the group of Cr-diffeomorphisms of
N .
It is well known that DiffrpNq has a Banach manifold structure modeled on
the space of Cr vector fields with local charts given by composition with the the
exponential map.
The topology induced by this Banach manifold structure coincides with the one
induced by the Cr-distance dr which is defined as follows:
Let us consider a smooth curve p : RÑ DiffrpNq. Then, for any t P R and y P N
there exists a neighborhood V of t and U of 0 P U Ă TyN such that for any s P V
the local representative p˜psqy : U Ă TyN Ñ Tpptqpyq is defined by
ppsqpexpy vq “ exppptqpyqpp˜psqypvqq.
Using the standard identification of the tangent space to a linear space with the
linear space itself, we obtain
Dnp˜psqy : TyN
bn Ñ TpptqpyqN.
Now, since this is a curve in a fixed linear space, we can differentiate it with
respect to s to get
d
dt
Dny pptq :“
d
ds
Dnp˜psqy
ˇˇˇ
s“t
p0q.
Now, consider a path p : r0, 1s Ñ DiffrpNq such that d
dt
Dnpt is piecewise contin-
uous in t, for each 0 ď n ď r. Such p will be called a piecewise C1 path in DiffrpNq.
We define the length of p by
lrppq “ max
0ďnďr
max
yPN
ż 1
0
›››› ddtDny pt
›››› dt,
and its partial length is given by
lrpp; sq :“ max
0ďnďr
max
yPN
ż s
0
›››› ddtDny pt
›››› dt.
This length structure on DiffrpNq allows us to define a metric dr as follows:
given h, g P DiffrpNq we define
(4) drph, gq :“ inf
pPP
max
 
lrppq, lrpp
´1q
(
where
P :“
 
p P C1pw
`
r0, 1s,DiffrpNq
˘
: pp0q “ h, pp1q “ g
(
As it was already mentioned above, this metric dr induces the usual C
r-uniform
topology on DiffrpNq which coincides with the one induced by the Banach manifold
structure.
Finishing this subsection, we recall four lemmas from [dlLW10, Lemmas 5.1, 5.2,
5.3 and 5.5] that we will use in forthcoming sections:
Lemma 2.2. For every C1-path p : RÑ DiffrpNq, every 1 ď k ď r, and all s ą 0,
it holds ››Dkps›› ď eκl0pp;sq `lkpp; sq ` ››Dkp0››˘ .
where }¨} denotes the operator norm for linear maps from pTNq
Â
k to TN , and κ
is a real constant depending on the Riemannian metric of N . In particular, it holds
}Dps}r´1 ď e
κl0pp;sq
`
lrpp; sq ` }Dp0}r´1
˘
.
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Lemma 2.3. Let p P C1
`
r0, 1s,Diffr´1pNq
˘
and h P DiffrpNq. Then, there exists
a constan C ą 0 depending just on r such that
lr´1
`
h ˝ ps
˘
ď C }Dh}r´1
ˆ
1` max
sPr0,1s
}Dps}r´2
˙r´1
lr´1ppsq, @s P r0, 1s.
On the other hand, if p P C1
`
r0, 1s,DiffrpNq
˘
and h P DiffrpNq, then
lrpps ˝ hq ď C max
k1,...,kr
››D1h››k1 ¨ ¨ ¨ }Drh}kr lrppsq, @s P r0, 1s,
where the maximum is taken over all k1, . . . , kr ě 0 such that
k1 ` 2k2 ` . . .` rkr ď r.
Crudely, this may be estimated by
lrpps ˝ hq ď C
`
1` }Dh}r´1
˘r
lrppsq, @s P r0, 1s.
Lemma 2.4. Let C ą 0 and r P N be arbitrary. Suppose h P DiffrpNq and
g1, g2 P Diff
r´1pNq. Then, there exists a constant C 1 “ C 1pC, r,Nq ą 0 depending
only on C, r and the manifold N , such that
dr´1 ph ˝ g1, h ˝ g2q ă C
1dr´1pg1, g2q,
dr´1 pg1 ˝ h, g2 ˝ hq ă C
1dr´1pg1, g2q,
whenever
drph, Idq ă C, dr´1pg1, Idq ă C, and dr´1pg2, Idq ă C.
Lemma 2.5. Given a Lipschitz continuous cocycle α : Z ˆM Ñ DiffrpNq over a
homeomorphism f : M ý, let us define define
ρ0 :“ max
wPM
d0
`
αp1qpwq, IdN
˘
,
and
ρ1 :“ max
wPM
max
!›››Dαp1qpwq
››› ,
›››Dαp1qpwq´1
›››) .
Then we have the following estimates for m ď r
d0
`
αpnqpwq, IdN
˘
ď ρ0 |n| , and
›››Dmαpnqpwq
››› ď Cρm|n|1 ,
for all pn,wq P ZˆM .
2.4. Hölder cocycles and domination. Let us consider a hyperbolic homeomor-
phism f : M ý on a compact metric space pM,dq and α : ZˆM Ñ DiffrpNq be a
cocycle over f , where N denotes a smooth compact manifold. Given ν ą 0, we say
that α is a ν-Hölder cocycle when there exists a constant C2 ą 0 such that
(5) dr
´
αp1qpxq, αp1qpyq
¯
ď C2dpx, yq
ν , @x, y PM.
On the other hand, let us define ρ “ ρpαq ą 0 by
(6) ρ :“ max
yPN
max
xPM
!›››D`αp1qpxq˘
y
››› ,
›››D`αp1qpxq´1˘
y
›››) ,
and let λ ą 0 be the constant associated to f given by Definition 2.1. Then, given a
real number t ą 0, we will say that the ν-Hölder cocycle α is t-dominated whenever
ρtλν ă 1.
In what follows, for simplicity of the presentation we will assume ν “ 1; the
general case is entirely analogous.
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3. Constructing Invariant Holonomies
In this section we start the proof of Theorem 1.1. The first step of the proof is
Proposition 3.1, where we show the existence of invariant holonomies for p2r ´ 1q-
dominated cocycles. This result is mainly inspired by Proposition 2.5 in [Via08]
and Theorem 5.8 in [dlLW10].
Proposition 3.1. Let f : M ý be a hyperbolic homeomorphism on a compact
metric space pM,dq and α : M Ñ DiffrpNq be a p2r´1q-dominated 1-Hölder cocycles
over f . Then there exists a constant C4 ą 0 such that, for any x P M and any
y, z PW spx, fq the limit
Hs,αyz :“ lim
nÑ`8
αpnqpzq´1 ˝ αpnqpyq
exists in the metric space
`
Diffr´1pNq, dr´1
˘
and
dr´1pH
s,α
yz , IdN q ď C4dpy, zq,
whenever y, z P W sε px, fq, where the constant ε ą 0 associated to f is given by
Definition 2.1.
On the other hand, if y, z PWupx, fq, we can anogously define
Hu,αyz :“ lim
nÑ8
αp´nqpzq´1 ˝ αp´nqpyq,
and the very same Hölder estimtes holds for these maps when y, z PWuε px, fq.
Finally, for every x PM and σ P ts, uu, it holds
Hσ,αyz “ H
σ,α
xz ˝H
σ,α
yx ,
and
H
σ,α
fnpyqfnpzq ˝ α
pnqpyq “ αpnqpzq ˝Hσ,αyz ,
for every y, z PW σpx, fq and every n P Z.
Definition 3.2. The mapsHs,α and Hu,α given by Proposition 3.1 are called stable
and unstable holonomies, respectively.
Remark 3.3. Assuming that α is just 1-dominated in Proposition 3.1, it can be
rather easily shown that the invariant holonomies exists, but in general they are
only C0.
Proof of Proposition 3.1. After taking forward iterates if necessary, we can assume
that y, z PW sε pxq. Let us define γnpy, zq :“ α
pnqpzq´1˝αpnqpyq. Then let us estimate
the dr´1-distance between γn`1py, zq and γnpy, zq. First of all observe that
γn`1py, zq “ α
pnqpzq´1 ˝ αp1q
`
fnpzq
˘´1
˝ αp1q
`
fnpyq
˘
˝ αpnqpyq.
Then, let us consider a continuous path p : r0, 1s Ñ DiffrpNq connecting the
diffeomorphism αp1qpfnpzqq´1 ˝ αp1qpfnpyqq to IdN . Since, by compactness of M ,
dr´1
`
αp1qpw1q
´1 ˝αp1qpw2q, IdN
˘
is uniformly bounded for any w1, w2 PM , we may
assume that the dr´1-lengths lr´1ppsq and lr´1pp
´1
s q are also uniformly bounded,
independently of x, y, z and n.
In what follows we will use the letter C to denote a positive constant that may
differ in each step. By Lemma 2.3, we know that
lr´1
`
αpnqpzq´1 ˝ ps
˘
ď C
›››Dαpnqpzq´1
›››
r´1
´
1` max
sPr0,1s
}Dps}r´2
¯r´1
lr´1ppsq,
for every s P r0, 1s, and by Lemma 2.2 and Lemma 2.5 we know that the right
hand is less or equal than Cρrnlr´1ppsq, where C is independent of n. Now, by
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Lemma 2.3 it easily follows that
lr´1
`
αpnqpzq´1 ˝ ps ˝ α
pnqpyq
˘
ď C max
k1,...,kr´1
›››D1αpnqpyq
›››k1 ¨ ¨ ¨
›››Dr´1αpnqpyq
›››kr´1 lr´1`αpnqpzq´1 ˝ ps˘
ď Cρrn max
k1,...,kr´1
›››D1αpnqpyq›››k1 ¨ ¨ ¨ ›››Dr´1αpnqpyq›››kr´1 lr´1ppsq,
for every s P r0, 1s.
Then, applying Lemma 2.5, we get that
lr´1
`
αpnqpzq´1 ˝ ps ˝ α
pnqpyq
˘
ď Cρrnρpr´1qnlr´1ppsq.
On the other hand, by symmetry the very same estimate holds for the inverse
and thus,
dr´1
`
γn`1py, zq, γnpy, zq
˘
ď Cρp2r´1qndr´1
´
αp1q
`
fnpzq
˘´1
˝ αp1q
`
fnpyq
˘
, IdN
¯
.
Now, asM is compact, there is a constantC ą 0 such that dr
`
αp1qpwq, IdN
˘
ď C,
for all w PM and consequently, by Lemma 2.4, there exists K ą 1 such that
dr´1
`
αp1qpw1q
´1 ˝ αp1qpw2q, IdN
˘
ď Kdr´1
`
αp1qpw1q, α
p1qpw2q
˘
,
for every w1, w2 PM . Thus,
dr´1
`
γn`1py, zq,γnpy, zq
˘
ď Cρp2r´1qndr´1
`
αp1qpfnpzqq´1 ˝ αp1qpfnpyqq, IdN
˘
ď CKρp2r´1qndr´1
`
αp1qpfnpzqq, αp1qpfnpyqq
˘
,
where the last line of the estimate, by the Hölder condition on α, is less or equal than
CKC2ρ
p2r´1qndpfnpzq, fnpyqq, where C2 is the positive constant given by the Hölder
condition (5). Then, invoking our assumption that y, z PW sε pxq, we conclude that
dr´1
`
γn`1py, zq, γnpy, zq
˘
ď CKC2ρ
p2r´1qndpfnpzq, fnpyqq
ď CKC2ρ
p2r´1qnλndpz, yq.
Since ρ2r´1λ ă 1, this proves that the sequence is Cauchy in the metric space`
DiffrpNq, dr´1
˘
and hence, the limit Hs,αy,z exists and satisfies
dr´1pH
s,α
y,z , Idq ď C4dpy, zq,
whith C4 :“
ř8
n“0 CKC2pρ
p2r´1qλqn 
4. Constructing a Transfer Map Assuming Fixpfq ‰ H
In this section we continue with the proof of Theorem 1.1, using the invariant
holonomies constructed in §3 to define the transfer map P that solves the cohomo-
logical equation (3) in the case f exhibits a fixed point.
So, we will assume there exists x PM such that fpxq “ x. For such a point, we
write W pxq :“W spxq XWupxq. We start defining P : W pxq Ñ Diffr´1pNq by
P pyq “ Hs,αxy ˝ pH
s,β
xy q
´1 “ Hs,αxy ˝H
s,β
yx ,
where Hσ,α and Hσ,β are the holonomy maps given by Proposition 3.1.
Note that P satisfies the following relation:
(7) αpnqpyq “ P pfnpyqq ˝ βpnqpyq ˝ P pyq´1, @y PW pxq, @n P N.
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Indeed,
P pfpyqq “ Hs,α
xfpyq ˝H
s,β
fpyqx “ H
s,α
fpxqfpyq ˝H
s,β
fpyqfpxq
“ αp1qpyq ˝Hs,αxy ˝ α
p1qpxq´1 ˝ βp1qpxq ˝Hs,βyx ˝ β
p1qpyq´1
“ αp1qpyq ˝Hs,αxy ˝H
s,β
yx ˝ β
p1qpyq´1
“ αp1qpyq ˝ P pyq ˝ βp1qpyq´1.
Combining this equation with the cocycle property (1), we can easily get (7).
Observe we have strongly used the existence of a fixed point, the periodic orbit
condition (POC) and Proposition 3.1.
Up to now we have our transfer map P defined on a dense subset of M where it
satisfies the desired property (7). Then, we will show that P can be extended to
the whole space M . In order to do this, we will prove that P is Lipschitz on W pxq
and the following lemma plays a key role in proving that:
Lemma 4.1. If α and β are 1-dominated, then
P pyq “ Hs,αxy ˝H
s,β
yx “ H
u,α
xy ˝H
u,β
yx , @y PW pxq.
The following classical result (see for instance [KH96, Corollary 6.4.17]) will be
used in the proof:
Lemma 4.2 (Anosov Closing Lemma). Let f and λ ą 0 be as in Definition 2.1.
Then, given any θ ą λ, there exist C5 ą 0 and ε0 ą 0 such that for any z PM and
every n P Z satisfying dpfnpzq, zq ă ε0, there exists a periodic point p P Fixpf
nq
such that
dpf jpzq, f jppqq ď C5θ
mintj,n´judpfnpzq, zq, for j “ 0, 1, . . . , n.
Proof of Lemma 4.1. Let us consider the distance function d˜ on DiffrpNq given by
d˜pg, hq “ sup
yPN
dpgpyq, hpyqq, @g, h P DiffrpNq.
Observe that the distance d˜ exhibits the following properties:
‚ it is right invariant, i.e. d˜pg ˝ u, h ˝ uq “ d˜pg, hq for every g, h, u P DiffrpNq;
‚ d˜pu˝g, u˝hq ď pLipuqd˜pg, hq for any g, h, u P DiffrpNq and where Lipu de-
notes Lipschitz constant of u given by Lipu :“ supx‰y dpupxq, upyqq{dpx, yq.
Notice that Lipu ď }Du}.
Let λ ą 0 be the hyperbolic constant associated to f given by Definition 2.1.
Let us fix θ P pλ, 1q such that ρθ ă 1, where ρpαq and ρpβq are given by (6) and
ρ :“ maxtρpαq, ρpβqu ą 0. Let C5 ą 0 and ε0 ą 0 be the constants given by
Lemma 4.2.
Fix an arbitrary point y P W pxq. We begin by noticing that, since y P W pxq,
there exist C6 ą 0 and n0 P N such that it holds
d
`
f´npyq, fnpyq
˘
ď C6λ
n´n0 , @n ě n0.
In fact, this easily follows from the fact that, as y PW pxq “W spxqXWupxq, there
exists n0 P N such that f
n0pyq PW sε pxq and f
´n0pyq PWuε pxq and the exponential
convergence towards x in W sε pxq and W
u
ε pxq.
Now, let n1 ě n0 be such that for all n ě n1 it holds dpf
npyq, f´npyqq ă ε0.
Thus, by Lemma 4.2, for every n ě n1 there exists a periodic point pn P Fixpf
2nq
such that
d
´
f j
`
f´nppnq
˘
, f j
`
f´npyq
˘¯
ď C5θ
mintj,2n´jud
`
f´npyq, fnpyq
˘
,
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for each j “ 0, 1, . . . , 2n. Using the periodic orbit condition (POC) and noticing
that f2npf´nppnqq “ f
´nppnq, we get
αp2nq
`
f´nppnq
˘
“ βp2nq
`
f´nppnq
˘
,
which can be rewritten as
αpnqppnq ˝ α
pnq
`
f´nppnq
˘
“ βpnqppnq ˝ β
pnq
`
f´nppnq
˘
,
or equivalently,
αpnqpf´nppnqq ˝ β
pnq
`
f´nppnq
˘´1
“ αpnqppnq
´1 ˝ βpnqppnq.
Hence, since
αpnq
`
f´nppnq
˘
“ αp1q
`
f´1ppnq
˘
˝ ¨ ¨ ¨ ˝ αp1q
`
f´nppnq
˘
“
´
αp1q
`
f´nppnq
˘´1
˝ ¨ ¨ ¨ ˝ αp1q
`
f´1ppnq
˘´1¯´1
“ αp´nqppnq
´1
and analogously,
βpnq
`
f´nppnq
˘´1
“ βp´nqppnq,
it follows that
(8) αp´nqppnq
´1 ˝ βp´nqppnq “ α
pnqppnq
´1 ˝ βpnqppnq.
Now, we claim that
(9) d˜
´
αpnqpyq´1 ˝ βpnqpyq, αpnqppnq
´1 ˝ βpnqppnq
¯
Ñ 0,
and
(10) d˜
´
αp´nqpyq´1 ˝ βp´nqpyq, αp´nqppnq
´1 ˝ βp´nqppnq
¯
Ñ 0,
when nÑ `8.
Thus, it follows from (8) and our claim that
d˜
`
αpnqpyq´1 ˝ βpnqpyq, αp´nqpyq´1 ˝ βp´nqpyq
˘
Ñ 0,
when nÑ `8. Observing that
d˜
`
αpnqpyq´1 ˝ βpnqpyq, Hs,αxy ˝H
s,β
yx
˘
“ d˜
`
αpnqpyq´1 ˝ αpnqpxq ˝ βpnqpxq´1 ˝ βpnqpyq, Hs,αxy ˝H
s,β
yx
˘
Ñ 0,
as nÑ `8, and
d˜
`
αp´nqpyq´1 ˝ βp´nqpyq, Hu,αxy ˝H
u,β
yx
˘
“ d˜
`
αp´nqpyq´1 ˝ αp´nqpxq ˝ βp´nqpxq´1βp´nqpyq, Hu,αxy ˝H
u,β
yx
˘
Ñ 0,
as nÑ `8, we would get
P pyq “ Hs,αxy ˝H
s,β
yx “ H
u,α
xy ˝H
u,β
yx ,
as desired.
So, in order to complete the proof it remains to prove our claim. In fact, we
shall only show (9). The other case (10) is completely analogous.
As before, in what follows we will use C as a generic notation for positive con-
stants that may differ at each step.
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We begin by noticing that
d˜
`
αpnqpyq ˝ αpnqppnq
´1, Id
˘
ď
n´1ÿ
j“0
d˜
´
αpn´jqpf jpyqq ˝ αpn´jqpf jppnqq
´1,
αpn´j´1qpf j`1pyqq ˝ αpn´j´1qpf j`1ppnqq
´1
¯
“
n´1ÿ
j“0
d˜
´
αpn´jqpf jpyqq ˝ αp1qpf jppnqq
´1 ˝ αpn´j´1qpf j`1ppnqq
´1,
αpn´j´1qpf j`1pyqq ˝ αpn´j´1qpf j`1ppnqq
´1
¯
“
n´1ÿ
j“0
d˜
´
αpn´jqpf jpyqq ˝ αp1qpf jppnqq
´1, αpn´j´1qpf j`1pyqq
¯
ď
n´1ÿ
j“0
Lip
´
αpn´j´1q
`
f j`1pyq
˘¯
d˜
´
αp1q
`
f jpyq
˘
˝ αp1q
`
f jppnq
˘´1
, Id
¯
.
(11)
On the other hand, observe that
d˜
´
αp1q
`
f jpyq
˘
˝ αp1q
`
f jppnq
˘´1
, Id
¯
“ d˜
´
αp1q
`
f jpyq
˘
, αp1q
`
f jppnq
˘¯
ď Cd
`
f jpyq, f jppnq
˘
“ Cd
´
fn`j
`
f´npyq
˘
, fn`j
`
f´nppnq
˘¯
ď Cθmintn`j,2n´pn`jqudpf´npyq, fnpyqq “ Cθn´jdpf´npyq, fnpyqq,
(12)
for j P t0, 1, . . . , n´1u. Thus, combining (11) and (12), and recalling that
››DNαpkqpzq›› ď
ρk for all z PM , ρθ ă 1 and dpf´npyq, fnpyqq ď C6λ
n´n0 , we get
d˜
`
αpnqpyq ˝ αpnqppnq
´1, Id
˘
ď
n´1ÿ
j“0
›››Dαpn´j´1qpf j`1pyqq›››Cθn´jd`f´npyq, fnpyq˘
ď C
n´1ÿ
j“0
ρn´jθn´jd
`
f´npyq, fnpyq
˘
ď Cdpf´npyq, fnpyqq
8ÿ
j“0
pρ ¨ θqn´j
ď Cdpf´npyq, fnpyqq ď Cλn´n0 .
Analogously we can prove
d˜
`
βpnqppnq ˝ β
pnqpyq´1, Id
˘
ď Cλn´n0 .
Now observe that, since 0 ă ρλ ă 1, it follows
d˜
`
αpnqpyq´1 ˝ βpnqpyq, αpnqppnq
´1 ˝ βpnqppnq
˘
ď Lippαpnqppnqqd˜
`
αpnqppnq ˝ α
pnqpyq´1 ˝ βpnqpyq, βpnqppnq
˘
“ Lippαpnqppnqqd˜
`
αpnqppnq ˝ α
pnqpyq´1, βpnqppnq ˝ β
pnqpyq´1
˘
ď
›››Dαpnqppnq
››› ´d˜`αpnqppnq ˝ αpnqpyq´1, Id˘` d˜`Id, βpnqppnq ˝ βpnqpyq´1˘
¯
ď 2Cρnλn´n0 “ 2Cλ´n0pρλqn Ñ 0,
(13)
as nÑ `8, and claim (9) is proved. 
Then, we can finally prove that P can be continuously extended to the whole
space M :
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Lemma 4.3. The map P : W pxq Ñ Diffr´1pNq is Lipschitz with respect to the
Cr´4-distance.
Proof. Let y denote an arbitrary point inW pxq and let us define C1pyq :“ dr´2pP pyq, Idq`
1.
Then, let us show there exists a constant C2pyq ą 0 such that
(14) dr´2pH
s,α
xz ˝H
s,β
yx , Idq ă C2pyq, @z PW
s
ε pyq,
where C2pyq depends on ε, the constant C4 given by Proposition 3.1, r, the manifold
N and C1pyq. Indeed, defining
C2pyq :“ C
1pC4ε, r,NqC1pyq ` C4ε,
where C 1p¨, ¨, ¨q is the constant given by Lemma 2.4, we get
dr´2pH
s,α
xz ˝H
s,β
yx , Idq “ dr´2pH
s,α
xz ˝H
s,α
yx ˝H
s,α
xy ˝H
s,β
yx , Idq
“ dr´2pH
s,α
xz ˝H
s,α
yx ˝ P pyq, Idq “ dr´2pH
s,α
yz ˝ P pyq, Idq
ď dr´2pH
s,α
yz ˝ P pyq, H
s,α
yz q ` dr´2pH
s,α
yz , Idq
ď C 1pC4ε, r,Nqdr´2pP pyq, Idq ` C4ε ă C2pyq.
Then, for each z PW sε pyq it holds
dr´3pP pyq, P pzqq “ dr´3pH
s,α
xy ˝H
s,β
yx , H
s,α
xz ˝H
s,β
zx q
ď dr´3
`
Hs,αxy ˝H
s,β
yx , H
s,α
xz ˝H
s,β
yx
˘
` dr´3
`
Hs,αxz ˝H
s,β
yx , H
s,α
xz ˝H
s,β
zx
˘
“ dr´3
`
Hs,αxy ˝H
s,α
zx ˝H
s,α
xz ˝H
s,β
yx , H
s,α
xz ˝H
s,β
yx
˘
` dr´3
`
Hs,αxz ˝H
s,β
yx , H
s,α
xz ˝H
s,β
yx ˝H
s,β
xy ˝H
s,β
zx
˘
ď C 1pC2pyq, r,Nq
´
dr´3
`
Hs,αxy ˝H
s,α
zx , Id
˘
` dr´3
`
Id,Hs,βxy ˝H
s,β
zx
˘¯
ď C3pyqdpy, zq,
(15)
where C3pyq :“ 2C4C
1pC2pyq, r,Nq and the last estimate is consequence of Propo-
sition 3.1.
Analogously, invoking Lemma 4.1, we can show that for every y PW pxq it holds
(16) dr´3pP pyq, P pzqq ď C3pyqdpy, zq, @z PW
u
ε pyq.
Now, given y, z P W pxq with dpy, zq ă τ , where τ is the constant given by
Defintion 2.1, we can consider w “ ry, zs “ W sε pyq XW
u
ε pzq. Then, as w P W
s
ε pyq
and w PWuε pzq by (15) and (16) it follows that
dr´3pP pyq, P pzqq ď dr´3pP pyq, P pwqq ` dr´3pP pwq, P pzqq
ď C3pyqdpy, wq ` C3pwqdpw, zq.
From the proof, we get that C3pwq depends on C4ε, r, N and C1pwq. Now, note
that
dr´3pP pwq, Idq ď dr´3pP pwq, P pyqq ` dr´3pP pyq, Idq ď C3pyqε` C1pyq.
In other words, we can estimate dr´3pP pwq, Idq from above by some constant that
depends on y but does not depend on w.
Thus, repeating the previous arguments replacing r by r ´ 1, we can show that
for every y PW pxq there exists Cy ą 0 such that
dr´4pP pyq, P pzqq ď Cydpy, wq ` Cydpw, zq,
for every z PW pxq such that dpy, zq ă τ and w “ ry, zs.
Then, invoking the fact that there exists D ą 0 such that
dpy, wq ` dpw, zq ď Ddpy, zq,
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for every y, z and w as above, it follows that there exists Ky “ Kypr,N,Cy , fq ą 0
such that
dr´4pP pyq, P pzqq ď Kydpy, zq,
whenever y, z P W pxq and dpy, zq ă τ . Now, as W pxq is dense in M and M is
compact it follows that there exists a constant K ą 0 such that, for all y, z PW pxq
with dpy, zq ă τ we have that
dr´4pP pyq, P pzqq ď Kdpy, zq,
i.e. P is Lipschitz with respect to the Cr´4 topology. 
Therefore, we can extend P : W pxq Ñ Diffr´4pNq to the closure of W pxq that
is the whole space M . By continuity, such extension clearly satisfies (3) and we
complete the proof of Theorem 1.1 in the case f exhibits a fixed point.
5. Constructing a Transfer Map in the General Case
In this section we conclude the proof of Theorem 1.1, eliminating the assumption
of the existence of a fixed point for f that we used in §4.
We shall use the following notation
C
`
αpnq, βpnq
˘
:“
!
P : M Ñ Diffr´4pNq : P is Lipschitz and
αpnqpxq “ P pfnpxqq ˝ βpnqpxq ˝ P pxq´1, @x PM
)
.
To deal with the general case, let x0 PM be a periodic point and n0 its period.
Consider now the new cocycles α˜, β˜ : ZˆM Ñ DiffrpNq over F “ fn0 given by
α˜p1qpxq :“ αpn0qpxq “ αp1q
`
fn0´1pxq
˘
˝ . . . ˝ αp1qpxq,
and
β˜p1qpxq “ βpn0qpxq “ βp1q
`
fn0´1pxq
˘
˝ . . . ˝ βp1qpxq.
It is easy to see that α˜ and β˜ are p2r´1q-dominated over F , since f is Lipschitz,
they are Lipschitz themselves and F px0q “ x0. Thus, applying results of §4 to these
objects we get a Lipschitz map P :M Ñ Diffr´4pNq satisfying
α˜pnqpyq “ P pFnpyqq ˝ β˜pnqpyq ˝ P pyq´1,
for all y PM and n P N.
Rewriting this in terms of the original cocycles we get
αpn¨n0qpyq “ P pfn¨n0pyqq ˝ βpn¨n0qpyq ˝ P pyq´1,
for every y PM and n P N. In other words„ P P Cpαpn0q, βpn0qq and P px0q “ Id.
What we are going to do in the rest of this section consists in showing that, in
fact, this P is a transfer map for α and β, i.e. P P Cpαp1q, βp1qq.
To prove that, the main step of our argument is the following q
Lemma 5.1. Let P P C
`
αpnq, βpnq
˘
and x P M be an arbitrary point. Then, it
holds
P pzq “ Hs,αxz ˝ P pxq ˝H
s,β
zx , @z PW
spxq.
An analogous result holds for points on the unstable set Wupxq.
Proof. Since P P Cpαpnq, βpnqq, we have that
αpnqpyq “ P pfnpyqq ˝ βpnqpyq ˝ P pyq´1, @y PM,
which can be restated as
(17) αpnkqpyq “ P pfnkpyqq ˝ βpnkqpyq ˝ P pyq´1,
for all k P N and y PM .
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Let z P W sε pxq be an arbitrary point. Observe initially that, by (17), we have
that
αpnkqpzq´1 ˝ P pfnkpxqq ˝ βpnkqpzq
“ αpnkqpzq´1 ˝ αpnkqpxq ˝ P pxq ˝ βpnkqpxq´1 ˝ βpnkqpzq Ñ Hs,αxz ˝ P pxq ˝H
s,β
zx ,
as k goes to infinity. Now, considering the distance d˜ defined in the proof of
Lemma 4.1, we have again by (17) that
d˜pP pzq, αpnkqpzq´1 ˝ P pfnkpxqq ˝ βpnkqpzqq
“ d˜
`
αpnkqpzq´1 ˝ P pfnkpzqq ˝ βpn¨kqpzq, αpnkqpzq´1 ˝ P pfnkpxqq ˝ βpnkqpzq
˘
“ d˜pαpnkqpzq´1 ˝ P pfnkpzqq, αpnkqpzq´1 ˝ P pfnkpxqqq
ď ρnkd˜
`
P pfnkpzqq, P pfnkpxqq
˘
ď Cρnkd
`
fn¨kpzq, fn¨kpxq
˘
ď Cρnkλnkdpz, xq “ Cpρλqnkdpz, xq Ñ 0,
when k goes to infinity, because ρλ ă 1.
Therefore, since
αpn¨kqpzq´1 ˝ P pfn¨kpxqq ˝ βpn¨kqpzq ÝÑ Hs,αxz ˝ P pxq ˝H
s,β
zx , as k Ñ8,
it follows that
P pzq “ Hs,αxz ˝ P pxq ˝H
s,β
zx ,
as desired. The case when z PW spxq follows easily from the previous one. 
Remark 5.2. The previous lemma holds with α and β being just 1-dominated.
Another superfluous hypothesis is that P pMq Ă Diffr´4pNq. In fact, the same
result holds if P pMq Ă DiffspNq for any s ě 1 and P : M Ñ HomeopNq is
Lipschitz with respect to the distance d˜. This will be used in the last section.
Let x P M be a periodic point and assume that its period is n0. Consider
P P Cpαpn0q, βpn0qq such that P pxq “ Id which we know that exists by the previous
comments, and y PW spxq XWupfn0´1pxqq which in particular is such that fpyq P
Wupxq. By Lemma 5.1 we know that
P |W spxq:W
spxq Ñ Diffr´1pNq
is given by P pzq “ Hs,αxz ˝H
s,β
zx and
P |Wupxq:W
upxq Ñ Diffr´1pNq
is given by P pwq “ Hu,αxw ˝H
u,β
wx and consequently
P pyq “ Hu,αxy ˝H
u,β
yx and P pfpyqq “ H
u,α
xfpyq ˝H
u,β
fpyqx.
We claim now that
αp1qpyq “ P pfpyqq ˝ βp1qpyq ˝ P pyq´1
that is,
P pyq “ αp1qpyq´1 ˝ P pfpyqq ˝ βp1qpyq.
The proof of this claim is similar to the proof of Lemma 4.1 so we will just indicate
how to proceed.
Observe initially that
P pyq “ Hu,αxy ˝H
u,β
yx “ lim
nÑ8
αpn¨n0qpyq´1 ˝ αpn¨n0qpxq ˝ βpn¨n0qpxq´1βpn¨n0qpyq
which by the periodic orbit condition (POC) is equal to limnÑ8 α
pn¨n0qpyq´1 ˝
βpn¨n0qpyq. Analogously
P pfpyqq “ Hu,α
xfpyq˝H
u,β
fpyqx “ limnÑ8
αp´n¨n0qpfpyqq´1˝αp´n¨n0qpxq˝βp´n¨n0qpxq´1˝βp´n¨n0qpfpyqq
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“ lim
nÑ8
αp´n¨n0qpfpyqq´1 ˝ βp´n¨n0qpfpyqq
and so,
αp1qpyq´1 ˝ P pfpyqq ˝ βp1qpyq “ lim
nÑ8
αp´n¨n0`1qpyq´1 ˝ βp´n¨n0`1qpyq.
Thus, what we have to prove is that
lim
nÑ8
αpn¨n0qpyq´1 ˝ βpn¨n0qpyq “ lim
nÑ8
αp´n¨n0`1qpyq´1 ˝ βp´n¨n0`1qpyq.
As already mentioned, we will proceed analogously to what we did in the proof
of Lemma 4.1. Fix C5 and ε0 ą 0 such that the Anosov Closing Lemma 4.2 holds
for θ P pλ, 1q ą 0 such that ρ.θ ă 1 where ρ “ ρpα, βq ą 0 is defined in section 2.4
and consider the distance d˜ on DiffrpNq as defined in the proof of Lemma 4.1. As
y P W spxq, fpyq P Wupxq and fn0pxq “ x, we can find C7 ą 0 and n2 P N such
that for all n ě n2 we have
dpf´n¨n0`1pyq, fn¨n0pyqq ď C7λ
pn´n2q¨n0 .
Fix n3 ě n2 such that for all n ě n3 we have that dpf
´n¨n0`1pyq, fn¨n0pyqq ă ε0
and thus, by the Anosov Closing Lemma 4.2, for all n ě n3 there exists a periodic
point pn PM with f
2n¨n0´1ppnq “ pn and such that
dpf jpf´n¨n0`1ppnqq, f
jpf´n¨n0`1pyqq ď C5θ
mintj,2n¨n0´1´judpf´n¨n0`1pyq, fn¨n0pyqq
for all j “ 0, 1, . . . , p2n ¨n0´1q. Using the periodic orbit condition (POC) and that
f2n¨n0´1pf´n¨n0`1ppnqq “ f
´n¨n0`1ppnq we get that
αp2n¨n0´1qpf´n¨n0`1ppnqq “ β
p2n¨n0´1qpf´n¨n0`1ppnqq
which can be rewritten as
αpn¨n0qppnq ˝ α
pn¨n0´1qpf´n¨n0`1ppnqq “ β
pn¨n0qppnq ˝ β
pn¨n0´1qpf´n¨n0`1ppnqq
or equivalently as
αpn¨n0qppnq
´1 ˝ βpn¨n0qppnq “ α
pn¨n0´1qpf´n¨n0`1ppnqq ˝ β
pn¨n0´1qpf´n¨n0`1ppnqq
´1.
Observing now that
αpn¨n0´1qpf´n¨n0`1ppnqq “ α
p1qpf´1ppnqq˝¨ ¨ ¨˝α
p1qpf´n¨n0`1ppnqq “ α
p´n¨n0`1qppnq
´1
and
βpn¨n0´1qpf´n¨n0`1ppnqq
´1 “ βp´n¨n0`1qppnq
we get that
(18) αpn¨n0qppnq
´1 ˝ βpn¨n0qppnq “ α
p´n¨n0`1qppnq
´1 ˝ βp´n¨n0`1qppnq.
Following the same lines as in proof of the claim in Lemma 4.1 we get that both
d˜pαpn¨n0qppnq
´1 ˝ βpn¨n0qppnq, α
pn¨n0qpyq´1 ˝ βpn¨n0qpyqq
and
d˜pαp´n¨n0`1qppnq
´1 ˝ βp´n¨n0`1qppnq, α
p´n¨n0`1qpyq´1 ˝ βp´n¨n0`1qpyqq
goes to zero when n goes to infinity. Thus, using this fact and (18) we get that
lim
nÑ8
αpn¨n0qpyq´1 ˝ βpn¨n0qpyq “ lim
nÑ8
αp´n¨n0`1qpyq´1 ˝ βp´n¨n0`1qpyq
and consequently that
αp1qpyq “ P pfpyqq ˝ βp1qpyq ˝ P pyq´1
proving our claim.
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Summarizing, we have obtained a map P P Cpαpn0q, βpn0qq with P pxq “ Id where
x P Fixpfn0q and such that, for every y PW spxq XWupfn0´1pxqq, it satisfies
αp1qpyq “ P pfpyqq ˝ βp1qpyq ˝ P pyq´1.
Thus, as all the objects involved are uniformly continuous andW spxqXWupfn0´1pxqq
is dense in M it follows that
αp1qpyq “ P pfpyqq ˝ βp1qpyq ˝ P pyq´1
for all y P M , that is, P P Cpαp1q, βp1qq which completes the proof of the existence
part of the Theorem 1.1.
Another way to conclude the proof of the existence part is combining the fact
that there exist P P Cpαpn0q, βpn0qq such that for some y PM it satisfies
αp1qpyq “ P pfpyqq ˝ βp1qpyq ˝ P pyq´1
with the next lemma which is simple and interesting by itself
Lemma 5.3. Let P P Cpαpn0q, βpn0qq. If there exist some y PM such that αp1qpyq “
P pfpyqq ˝ βp1qpyq ˝ P pyq´1 then P P Cpαp1q, βp1qq.
Proof. By Lemma 5.1 we know that
P |W spyq:W
spyq Ñ Diffr´4pNq
is given by P pzq “ Hs,αyz ˝ P pyq ˝H
s,β
zy . Thus,
αp1qpzq ˝ P pzq ˝ βp1qpzq´1 “ αp1qpzq ˝Hs,αyz ˝ P pyq ˝H
s,β
zy ˝ β
p1qpzq´1
“ Hs,α
fpyqfpzq ˝ α
p1qpyq ˝ P pyq ˝ βp1qpyq´1 ˝Hs,β
fpzqfpyq “ H
s,α
fpyqfpzq ˝ P pfpyqq ˝H
s,β
fpzqfpyq
which again by Lemma 5.1 is equal to P pfpzqq. So,
αp1qpzq “ P pfpzqq ˝ βp1qpzq ˝ P pzq´1
for all z P W spyq. Now, as W spyq is dense in M and P is uniformly continuous it
follows that
αp1qpzq “ P pfpzqq ˝ βp1qpzq ˝ P pzq´1
for all z PM as we want. 
Remark 5.4. We would like to stress again that, even though we are working with
ν “ 1, all results are valid for any ν ą 0 and their proofs are analogous. Obviously,
in the case ν P p0, 1q our constructions above will produce a ν-Hölder map P :M Ñ
Diffr´4pNq instead of a Lipschitz one.
6. Improving regularity
The existence part of Theorem 1.1 give us a Lipschitz map P :M Ñ Diffr´4pNq
such that
αpnqpxq “ P pfnpxqq ˝ βpnqpxq ˝ P pxq´1
for all x P M and n P N. At this section we are going to show that the image of
this P is contained in Diffr´1pNq and also that when f, α and β exhibit a higher
regularity so does P .
Let d˜ be the distance in HomeopNq as defined in the proof of Lemma 4.1.
Theorem 6.1. Let M , N and f be as in Theorem 1.1 and α, β : ZˆM Ñ DiffrpNq
be two p2r´1q-dominated Lipschitz cocycles over f . Let us assume that there exists
P : M Ñ Diff1pNq, a Lipschitz continuous map with respect to the distance d˜, such
that
αp1qpxq “ P pfpxqq ˝ βp1qpxq ˝ P pxq´1, @x PM.
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Assume also that there exists x P M such that P pxq P Diffr´1pNq. Then, P pMq Ă
Diffr´1pNq. Moreover, if f is a Cr´1 Anosov diffeomorphism and the cocycles α
and β are Cr´1 then P is Cr´1´ε for any small ε ą 0.
Recall that the cocycle α : ZˆM Ñ DiffrpNq to be Cr´1 means that the induced
map αp1q : M ˆN Ñ N is Cr´1.
Proof. Note that by Lemma 5.1, Remark 5.2 and Proposition 3.1 we have automat-
ically that P pW spxq YWupxqq Ă Diffr´1pNq since P pxq P Diffr´1pNq and Hs,αxy ,
Hu,αxz , H
s,β
xy and H
u,β
xz P Diff
r´1pNq for any y P W spxq and z P Wupxq. Apply-
ing again this argument we get that P pW spyq Y Wupyqq Ă Diffr´1pNq for any
y P W spxq YWupxq. Now, as any transitive hyperbolic homeomorphism is acces-
sible, that is, any two points can be connected by a path which is a concatenation
of subpaths, where each of which lies entirely on a single stable or unstable leaf,
it follows by the previous arguments that P pMq Ă Diffr´1pNq proving the first
assertion.
Assume now that f is a Cr´1 Anosov diffeomorphism and that α and β are Cr´1
cocycles. Let us consider the skew product Fα : M ˆN ÑM ˆN given by
Fαpx, ξq “ pfpxq, α
p1qpxqpξqq, px, ξq PM ˆN,
which is a Cr´1 partially hyperbolic diffeomoprhism since the cocycle α is (2r-1)-
dominated. We know that the distributions Es and Eu are integrable and the
corresponding foliations Wˆ s (strong stable) and Wˆu (strong unstable) respectively,
are Cr´1 foliations, that is, the leaves Wˆ spx, ξq and Wˆupx, ξq are Cr´1 and depend
continuously on the point px, ξq P M ˆN in the Cr´1 topology. Moreover, we can
observe that they are graphs over W spxq and Wupxq respectively. More precisely,
Wˆ spx, ξq “ tpy,Hs,αxy pξqq; y PW
spxqu and Wˆupx, ξq “ tpy,Hs,αxy pξqq; y PW
upxqu.
This follows from Theorem 5.5 of [HPS77]. Now, since Wˆ spx, ξq and Wˆupx, ξq are
Cr´1 submanifolds, it follows that Hs,αx : W
spxq ˆ tξu Ñ N and Hu,αx : W
upxq ˆ
tξu Ñ N are Cr´1.
Analogously, Hs,βx :W
spxq ˆ tξu Ñ N and Hu,βx :W
upxq ˆ tξu Ñ N are Cr´1.
Combining this with the fact that for every x PM , y PW spxq and z PWupxq we
have Hs,αx,y , H
u,α
x,z , H
s,β
x,y , H
u,β
x,z P Diff
r´1pNq (see Proposition 3.1) and with Lemma
5.1 and Remark 5.2 it follows that P |W spxq and P |Wupxq is C
r´1 for every x PM .
Then, applying Journé’s Theorem (see [Jou88]) we get that P is Cr´1´ε for any
small ε ą 0 as we want.

To complete the proof of Theorem 1.1 we have just to combine what we have
done so far: in sections 4 and 5, given a periodic point x PM , we have constructed
“explicitly” a Lipschitz continuous map P :M Ñ Diffr´4pNq such that P pxq “ Id
and
αpnqpxq “ P pfnpxqq ˝ βpnqpxq ˝ P pxq´1
for all x PM and n P Z. Therefore, by Theorem 6.1, P pMq Ă Diffr´1pNq and if f
is a Cr´1 Anosov diffeomorphism and α and β are Cr´1 then P is Cr´1´ε for any
small ε ą 0 which completes the proof of Theorem 1.1.
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